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abstract
The feasibility problem of periodic tasks under fixed priority systems has always been a critical research
issue in real-time systems and a number of feasibility tests have been proposed to guarantee the timing requirements of real-time systems. These tests can be broadly classified into: (a) inexact and (b) exact tests.
The inexact tests are applied to the task sets that present lower utilization, while the exact tests become
inevitable when system utilization is high. The exact tests can be further classified into: (a) Scheduling
Points Tests (SPT) and (b) Response Time Tests (RTT). The SPT analyze task set feasibility at the arrival
times while the RTT utilize fixed-point techniques to determine task feasibility. All of the available exact
feasibility tests, whichever class it belongs to, share pseudo-polynomial complexity. Therefore, the aforementioned tests become impractical for online systems. Currently, both SPT and RTT employ the Highest
Priority First (HPF) approach, which determines the system feasibility by testing the schedulability of individual tasks in the decreasing order of priority. In contrast, this work exploits the Lowest Priority First
(LPF) alternative which is an aggressive solution based on the observation that the system infeasibility is
primarily due to the lower priority tasks and not because of the higher priority tasks. For the average case
analysis, our technique demonstrates promising results. Moreover, in the worst case scenario our solution is no inferior to the existing state of the art alternatives. We compare our proposed technique with
the existing tests: (a) by counting the number of scheduling points used by a test that belongs to the SPT,
(b) by counting the number of inner-most loops executed by an algorithm for the RTT, and (c) by measuring the actual running time of the existing alternatives.
© 2013 Elsevier Inc. All rights reserved.

1. Introduction
A real-time system (RTS) is a system where the timing constraints are vital to performing the assigned tasks [34,23,22]. The
two main classes of real-time systems are (a) hard and (b) soft
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real-time systems. Meeting deadlines is absolutely necessary for
hard real-time systems. Embedded systems are often hard realtime systems. However, in soft real-time systems there is some
room for lateness and a delayed process may not cause an entire
system failure. Instead, it may affect the quality of the process or
system. Typically, real-time systems are built from concurrent programs, called tasks [18].
There exist a number of task models for real-time systems [14],
but in a simple periodic model of hard real-time systems, a task τi
is represented by the following parameters:

• A task period pi , which is the interval between two instances (or
jobs) of τi .

2

N. Min-Allah et al. / J. Parallel Distrib. Comput. (

• A worst case execution time ci .
• Relative deadline di , which is measured from the release time.
Let Γ = {τ1 , . . . , τn } denote a set of independent, preemptable
periodic tasks, where each task τi generates an instance (or a job) at
each multiple of pi . While in operation, all of the tasks immediately
get ready for execution on a single processor system as soon as they
are released. Moreover, the deadlines are equal to or less than the
periods and we assume that there are n number of priority levels
available. Therefore, every task has an associated priority.
A rational approach of designing a periodic task set is that for
each task τi , the expression ci ≤ pi , must always hold. This is due to
the fact that the utilization of more than 100% is impractical under
a uniprocessor system for any task model. The set Γ is scheduled
on a uniprocessor system according to a predetermined scheduling algorithm. Among the existing scheduling mechanisms, priority driven scheduling is the choice for real-time systems [11,21,
22,7,31,15,14,17,20,3,4,30,16] which run the task with the highest priority at all scheduling points. The priority driven scheduling is further categorized into: (a) static priority assignment and
(b) dynamic priority assignment. From the utilization perspective,
the dynamic priority assignment has advantage over static priority counterpart. However, the static priority assignment outclass
the dynamic priority policy when it comes to system predictability.
Among the (previously known) scheduling algorithms, the fixed
priority scheduling is considered to be the choice of the modern
real-time systems because of its simplicity and applicability [5,6]
and hence the focus of this paper. The most popular scheduling
algorithm under the category of the fixed priority scheduling is
the Rate Monotonic (RM) algorithm [23]. The RM scheduling algorithm assigns fixed priorities to all of the tasks on their activation rates (periods). The RM scheduling algorithm is being used
widely in real-world systems due to its simplicity and reliability [6,13]. According to RM priority assignment policy, for any two
tasks τi and τj , priorities are assigned to tasks in a simple fashion,
priority(τi ) > priority(τj ) ⇒ pi < pj . If there occur ties, then the
ties are broken arbitrarily but in a consistent manner. For each task
τi , its system utilization is defined by: ui = ci /pi . The cumulative
utilization U (n) of a periodic task system Γ is defined by:
U (n) =

n

ci
i=1

pi

.

(1)

The RM approach is optimal for the implicit-deadline model, in
which the deadlines coincide with their respective periods. However, for the constrained deadline systems, in which the deadlines
are not greater than the periods, an optimal priority ordering has
been shown to be that of the Deadline Monotonic (DM) scheduling [21]. In the DM scheduling approach, priorities are assigned
to tasks which are inversely proportional to the relative deadlines.
The RM and DM approaches exhibit identical properties when the
relative deadline of every task is proportional to its corresponding period. Although both the RM and DM techniques can be used
(interchangeably) for our constrained-deadline (where every task
has its deadline not larger than its period), to align with previous
literature, we use RM in this work.
To determine if a given set of periodic tasks meet all of their
deadlines, is considered a special case of the validation problem:
We are given

• a periodic task set (Γ ),
• a constrained deadline task model, and
• an RM scheduling algorithm.
We must utilize the aforementioned items to determine if all
of the deadlines di of every task τi ∀i, 1 ≤ i ≤ n will be met on
an underlying uniprocessor system. To determine whether a feasible schedule exists for Γ , schedulability tests are performed that

)

–

fall into three main classes [1,9]: (a) Sufficient Condition: the Γ
is definitely schedulable if the schedulability test belongs to this
class is satisfied and it is indecisive when the schedulability test
fails, (b) Necessary Condition: if the schedulability test is passed
then we do not know whether Γ is schedulable or not, however the
task set is definitely unschedulable if the test fails, (c) Exact Conditions: are both sufficient and necessary at the same time. In rest of
the paper, we use schedulability test and feasibility analysis interchangeably. The feasibility analysis can be performed either offline
or online [22]. For offline systems, the computational complexity
is not deemed to be a major issue. Therefore, the corresponding algorithms are evaluated from the perspective of the quality of the
feasibility tests. Conversely, in online systems, task scheduling is
determined on arrival, which means that the corresponding feasibility tests must be performed at run time. Therefore, the online
tests must be fast — an online algorithm that takes so long that
it leaves insufficient time for the tasks to meet their deadlines is
deemed useless [17,33,29,19,26,28,10].
The feasibility of Γ , which has a low system utilization can
be determined with the sufficient conditions that are available in
the
n real-time system literature, such as U (n) ≤ ln(2) [22] and/or
i=1 (ui + 1) ≤ 2 [15]. However, the feasibility of Γ having a higher
system utilization must be determined by utilizing both the necessary and sufficient conditions. This being the focus of this paper.
The necessary and sufficient conditions determine the RM
schedulability of a task on the basis of a task’s worst case response
time. Two approaches, namely: (a) scheduling point and (b) fixedpoint techniques, are used to determine a task’s maximum possible
response time. However, both of the aforementioned techniques
are known to be computationally expensive and are deemed impractical to be used for online analysis. Although the order in which
the system feasibility is evaluated does not matter [30], these necessary and sufficient conditions [5,6,23,11,21,14,20,3,4,30,16,8,25,
32,33,29,28] traditionally use the Highest Priority First (HPF) approach. It is worth mentioning that the main attraction for testing system feasibility with HPF is to check if the system is feasible
and concluding this takes a considerably longer time [22,19,26].
The aforementioned is attributed to the fact that higher priority
tasks are always schedulable and finding the infeasible task (normally lower priority task) means evaluating the feasibility of all
higher priority tasks before that infeasible task. Guarantee scheduling of higher priority task is due to the implicit characteristics of
RM scheduling algorithm because CPU is assigned to higher priority task when the overloading situations occurs. In contrast, the
Lowest Priority First (LPF) counterpart evaluate system from infeasibility perspective and hence system feasibility is determined
in reverse order i.e., starting with lowest priority. The advantage
of LPF over HPF approach is implicitly highlighted in [12,2] where
schedulability of the system is addressed through Response Time
Tests (RTT) class and results are established to obtain higher initial
values for the tasks. However, as per existing literature, no study
has been made so far on the feasibility tests belonging to scheduling point class. In this paper, we investigate the feasibility problem
by presenting LPF based feasibility test and compare results with
both RTT and Scheduling Points Tests (SPT) classes. Moreover, we
provide the necessary foundation for the LPF strategy and make explicit analysis of LPF with HPF counterpart. We also must note that
the HPF approach is a well respected and widely used technique for
real-time systems and other computing systems where the focus is
on determining the system feasibility [24,9,22].
Our prior work in [26] explored the concept of composite
deadlines for obtaining higher systems utilization by making tasks
deadlines in a harmonic fashion. Using the HPF approach, the
work presented in [26] guarantees 100% CPU utilization for larger
deadlines under dynamic priority scheduling. In [29], we revisited
the fixed priority scheduling domain and performed a comparative
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Table 1
CPU utilization, applications, and recommendations [19].
Utilization (%)

Zone type

Typical applications

26–50
51–68
69
70–82
83–99
100

Very safe
Safe
Theoretical limit
Questionable
Dangerous
Overload

Various
Various
Embedded systems
Embedded systems
Embedded systems
Embedded systems

analysis of feasibility tests. Similarly, a procedure was developed
in [28] for obtaining the optimal values for task computation times
so that any given performance index such as system utilization or
mission life is maximized. By task shifting approach, we identified
a suitable systems speed in [27] that enables all the cores to run on
a uniform speed and hence reduces the power consumption of the
overall system. All of the aforementioned works done are based
on the HPF policy. However, when the (real-time or computing)
system is viewed from infeasibility perspective, the HPF technique
reveals poor performance. This observation suggests to tackle the
RM-feasibility problem of unschedulable task sets with the LPF
approach that works in an aggressive manner. This LPF approach
is under investigation in this paper. The supremacy of LPF over
HPF is discussed in detail through both qualitative and quantitative
analysis.
It can be observed from Table 1 that when the system utilization is below 69%, the inexact tests are applicable and the whole
task set is RM feasible (on uniprocessor systems). On one hand, this
predictability is obtained on the price of system utilization. That is
to say that 31% system utilization is compromised and hence the
system remains underutilized. On the other hand, when the system utilization is higher, only the exact tests can determine the
system feasibility and in such cases the systems are generally infeasible as shown in Table 1. Based on the aforementioned observations, in this research, we analyze the task set from the point of
view of system infeasibility. Moreover, we also illustrate that the
LPF [12,2] approach is more suitable for the aforementioned task
model, as it needs to determine the system infeasibility by probing
fewer number of tasks compared to the HPF approach. The effectiveness of the LPF approach is measured by recording the number of points where a task’s schedulability is tested for the SPTs
and the number of the inner-most loops for RTTs, in addition to
measuring the actual run times of RTA, RTI and HET. Table 1 summarizes the CPU utilizations and the corresponding usability. The
table also reports that the real-time systems depicting high system
utilization are more susceptible to deadline misses. Therefore, the
authors conclude that such systems would be more appropriate for
our study of investigating real-time (or computing) systems from
the perspective of system infeasibility.
In this work, the authors propose the following two mechanisms to decide the RM feasibility/infeasibility of a task set:
(a) Faster Feasibility Test: We observed that if there is a common scheduling point for all of the tasks in the systems and if the
lowest priority task is RM feasible at that point, then the entire task
set is feasible. This is due to the fact that the value of workloads are
non-decreasing, as the RM feasibility of tasks in decreasing priority
order are considered. Therefore, testing the feasibility of the lowest priority task at a common scheduling point for all of the tasks
result in a faster feasibility test.
(b) Faster Infeasibility Test: A task set is RM infeasible when
at least one task is RM infeasible. A lower priority task is more
vulnerable to a deadline miss than that of a higher priority task
because a lower priority task suffers from interference from all
the higher priority tasks. Therefore, the Lowest Priority First (LPF)
approach to test the RM infeasibility results in faster decisions.
The remainder of this article is organized as follows: a motivational example is described in Section 2 and then in Section 3, we

Fig. 1. Non-schedulability of lower priority tasks.

provide the necessary definitions and some background information about the topic. The related work is discussed in Section 4 that
encapsulates both SPT and RTT in detail. This is followed by the details of the proposed analysis scheme in Section 5, which is based
on the observation that lower priority tasks are more vulnerable to
deadline misses than the higher priority tasks. Experiments have
been performed and the results are shown for the performance assessment in Section 6, followed by worst/best case analysis for the
proposed scheme. Finally, we conclude the work in Section 7.
2. Motivational example
As a motivational example, the authors show the infeasibility
of the lower priority tasks when the utilization is within the range
of [80, 100%]. The RM feasibility of a task set consisting of 50 randomly generated tasks is plotted (in Fig. 1) under varying system
utilization (0.8, 0.9 and 1.0). The x-axis represents the decreasing
task priorities and the y-axis represents the (normalized) number
of missed deadlines. For the experiment, random task periods were
generated within the range of 100–100 000 with uniform distribution. For the corresponding task execution demands, again random
values were extracted within the range of uniformly distributed
values of [1, pi ]. The task priorities were assigned according to the
RM approach. To deduce enough confidence in our results, each
experiment was performed 1000 times. Each point on the plot reflects the average number of deadline missed under the specified
utilization. At a utilization lower than 69%, all of the tasks were
schedulable under the RM scheduling approach. We must observe
that some of the tasks may miss deadlines when the utilization may
increase. Interestingly, it was found that the lower priority tasks
were more susceptible to the deadline misses among all of the tasks
within the task set. In other words, if a task set is deemed infeasible,
then it is mainly because of the ‘hard to schedule’ lower priority
tasks. The main reason behind the aforementioned phenomenon
is that the tasks are priority scheduled on a uniprocessor system.
That is to say that the CPU time is allocated to the higher priority
tasks and the rest of the CPU time (if any) may be assigned to the
lower priority tasks. As a high utilization is expected, the system
may become infeasible because there exists at least one unschedulable task that makes the task set infeasible, which possesses the
lower (if not the lowest) priority among all of the tasks. Referring
back to Fig. 1, the point that differentiates the schedulable tasks
from unschedulable tasks (under a given utilization), is denoted by
the Threshold Point (TP). It can be observed that when the system
utilization is increased, the TPs arrives early. For the system utilization of 0.8, 0.9, and 1.0, the TPs are 48, 42, and 38, respectively.
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Table 2
Notations.
Notation

Meaning

Γ
τi

The set of periodic tasks
i-th task, τi ∈ Γ
Worst case execution time of τi
Period of τi
Deadline of τi
Utilization of τi
Number of elements in Γ
Utilization of Γ
Priority of τi
Subset of task set having a priority higher than τi
Maximum response time of τi
Set of scheduling points for τi
Set of scheduling points for τi where Hi (t ) ⊆ Si
Schedulability condition for τi
Feasibility condition for Γ

Set of scheduling points, z =
Si ̸= φ, ∀i, 1 ≤ i ≤ n
The cumulative workload due to τi at time t

ci
pi
di
ui
n
U (n )
priority(τi )
Ti
Ri
Si
Hi (t )
Li
L
z
Wi (t )

3. Definitions and background
Before proceeding on a more detailed description, we first
introduce notations in Table 2, along with a few definitions that
will be used frequently in rest of the paper.
Definition 1 (Critical Instant [23]). A critical instant for a periodic
task τi is the time when τi is released simultaneously with request
from all of the higher priority tasks.
Definition 2 (Maximum Response Time [20]). The longest time ever
taken by an instance of the task from its release time until the time
it completes its required computation. For a given τi , the Maximum
Response Time is represented by Ri .
Definition 3. Ti represents a subset of task set Γ having a priority
higher than τi .
The authors assume that if the critical instant occurs at t = 0,
then it has been proven that the first job that belongs to task τi has
the largest possible response time among all of the jobs [20]. For
our task model, at most one such job exists at any instance of time
t. Therefore, in the rest of the paper a task τi implicitly refers to the
first job of a task set. To determine the feasibility of a task τi in an
interval [0, di ] (in addition to ci ), the higher priority tasks also must
be considered. We can observe that at any instance of time t, there
are at least ⌈ pt ⌉, j ∈ Ti number of iterations of higher priority tasks
j

that occupy ⌈ pt ⌉cj units of processor time. Therefore, a necessary

t = ci +

 t 
j∈Ti

pj

cj .

(2)

To determine that such a t does exist, Eq. (2) is solved by utilizing
the highest priority first based approaches discussed in Section 4,
in detail. In contrast, to address the same problem, we adopt the
lowest priority first approach in Section 5.
4. Highest priority first approach
4.1. Scheduling point tests
There are two major types of scheduling point tests, that are
detailed in the following two subsections.

–

4.1.1. Time demand analysis (TDA [20])
The workload Wi (t ) constituted at time t by τi consists of its
execution demand ci as well as the interference it encounters due
to higher priority tasks. We can represent this phenomenon by the
following expression:
Wi (t ) = ci +


i−1 

t
pj

j =1

cj .

(3)

A periodic task τi is feasible if and only if we find some t ∈ [0, di ]
satisfying:
Li = min (Wi (t ) ≤ t ).

(4)

0<t ≤di

The condition Li is always satisfied when the cumulative workload due to task τi at point t is less than or equal to time t. Interchangeably, we assume that Li = 1, when a task τi is schedulable,
and 0 otherwise. A task τi completes its computational demands in
time window t ∈ [0, di ], if and only if the request from the i − 1
higher priority tasks as well as the computational time of τi are
completed at or before the instance of time t. Because t is a continuous variable, there are infinite numbers of points needed to be
tested during determining the task schedulability according to the
RM scheduling algorithm. In a classic paper [20], the first attempt
was made to restrict the infinite number of scheduling points in
the interval t ∈ [0, di ]. The authors showed that Wi (t ) is constant, except at finite number of points. Those points occur when
tasks are released within the system, termed the ‘RM scheduling
points’. Consequently, to determine if τi is schedulable or otherwise, Wi (t ) is only computed at instances of time that are multiples
of pi ≤ pj , 1 ≤ j ≤ i. Specifically, let
Si = {apb |b = 1, . . . , i; a = 1, . . . , ⌊pi /pb ⌋},

(5)

where a and b are positive integers. In other words, τi is feasible
if Li = mint ∈Si (Wi (t )/t ≤ 1) is satisfied for some point t. Consequently, the entire task set Γ is schedulable for all of the task
phasings using a RM approach if and only if:
L = max Li ≤ 1.

(6)

1≤i≤n

4.1.2. Hyper-Planes Exact Test (HET)
Refs. [5,6] provide a formulation, acronym HET that reduces the
number of scheduling points for τi from set Li to a reduced set Hi (t ).
For any task τi , the HET begins with pi and expands its search space
by:

j

and sufficient condition of task feasibility is: ∃Ri ≤ di for τi , where
Ri is equal to the smallest value of t that satisfies the following
[20,16]:

)

Hi (t ) = Hi−1

  
t

pi

pi

∪ Hi−1 (t ),

(7)

where H0 (t ) = {t }.
4.2. Response Time Tests (RTT)
Instead of testing feasibility at fixed points, Refs. [3,4,30,16]
proposed an iterative method to solve Eq. (2), termed Response
Time Analysis (RTA). Because the response time of a job, τi , is at
least equal to execution time of that job, so its worst case execution
time ci is used as the initial value. Let R#n
i be the n-th approximation
to the exact value of the response time Ri of a task τi . In this process,
the l-th iteration for l ≥ 1, the term Ri#l+1 can be calculated as:
R0i = ci ,
Ri#l+1 = ci +

(8)

  R#l 
i
cj

j∈Ti

pj

.

(9)
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It can be seen that the above expression can be easily solved
after a few number of iterations. This is due to the fact that the sum
is an increasing function of l. There are two cases where the loop is
+1
#l+1
#l
terminated: (a) R#l
= R#l
>
i
i and (b) Ri ≤ pi for some l or Ri
pi , whichever comes first. In the case of (a), τi is schedulable,
while τi is not schedulable in the latter case. Ref. [30] proposes
an improvement to RTA, termed Response Time Improved (RTI),
which utilizes R0i−1 for assigning initial values to R0i , i.e. R0i = R0i−1 +
ci . Consequently, RTI concludes faster as compared to RTA.
5. Lowest priority first approach
In this section, we present our novel approach for a robust exact test, with an improved performance compared to the existing
computationally expensive exact tests. Our proposed technique is
inspired by the observation that the lower priority tasks are more
susceptible to deadline violations than the higher priority tasks. As
discussed earlier, to carry out task set feasibility analysis, individual tasks can be tested in any order. That is, either starting from the
highest priority task τ1 to the lowest priority, or vice versa [30].
Consequently, we prove (in the subsequent text) that it is a reasonable approach to address the validation problem with the LPF
technique. Before presenting the main results, we establish a necessary formulation with the help of existing literature for testing
feasibility in the reverse order, which lead us to the main contribution of the paper.
Lemma 1. Given a non-idling scheduling algorithm, a periodic task
system Γ is always feasible when Γ = {τ1 }.
Proof. If τ1 is infeasible, then c1 > p1 ⇒ u1 > 1. As a consequence, the required amount of computational time for a task
exceeds the available time, which is impossible. Because the condition ci ≤ pi always holds for any task τi , and when there is only one
task in the system, the same task is always schedulable and hence
Γ is declared feasible. 
Extending the above lemma, we can show that an infeasible
task set Γ = {τ1 , τ2 } consists of a schedulable task τ1 and an
unschedulable task τ2 . Because the schedulability of τ1 follows
from Lemma 1 and hence it is τ2 that makes Γ infeasible.
Remark 1. Γ is infeasible if there exists an unschedulable task
τi , 1 ≤ i ≤ n.
Although there may exist a RM-infeasible task set even when
U (n) ≤ 1, (for our task model) a task set is always infeasible when
U (n) > 1. On the other hand, in situations when U (n) ≤ 1, it can
be concluded that when Γ = {τ1 , τ2 , τ3 }, τ3 has a higher probability to miss its deadline compared to τ2 and τ1 as both higher
priority tasks are likely to be schedulable even when Γ is infeasible. In the light of the aforementioned discussion (Lemma 1 and
Remark 1), one should be concerned with finding the infeasibility
of unschedulable low priority tasks and not with the higher priority tasks. In our algorithm, we perform task set feasibility analysis
starting with the lowest priority task τn and move our way to the
highest priority task τ1 . As soon as an unschedulable task τi is identified, we immediately conclude that it is unnecessary to test the
schedulability of the remaining (i − 1) higher priority tasks. This
observation results in a simple feasibility analysis that can be used
in hard real-time systems due to clear advantages over others. Our
experimental results also reverify the efficiency of this approach in
Section 6. This alternative (proposed) scheme is much faster than
its corresponding exact solutions.
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5.1. LPF with scheduling point test approach
In this section, we develop the necessary mathematical formulation for our proposed LPF based approach.
From the relationship existing among the scheduling point sets
that for any two sets Si and Si+1 , a scheduling point t in set Si
populated due to τi is also a member of the superset Si+1 . Because
the maximum scheduling point in a set Si is pi , and the maximum
point in set Si+1 is pi+1 , there exist a relationship between set Si and
Si+1 . As pi and pi+1 are distinct (pi < pi+1 ) then Si ⊂ Si+1 holds and
hence pi+1 = max(Si+1 ) ̸∈ Si . It is clear from the above discussion
that pi+1 is a point in the set Si+1 , which is the maximum in the set
and this point is missing in Si because pi+1 is due to the task period
of τi+1 , which is of course missing in set Si . This observation also
reveals that a point t ∈ Si+1 is not necessarily the member of set Si ,
as reported in Eq. (5). However, the converse is not true. Thats is to
say that if a point c is a member of a set Si+1 , then the same point c
must also be a member of set Si . Referring back to Eq. (5), the task
set is infeasible if and only if any task τi is unschedulable and from
Fig. 1, we can observe that the probability of τn to miss the deadline
is the highest. Therefore, when started from the LPF approach, if τn
is unschedulable, then Γ is infeasible. However, if τn is schedulable,
then we need to test schedulability of τn−1 , τn−2 , . . . , τ1 . The
following theorem explains that if: (a) we find some point(s) that
is(are) common in all of the sets Sn , Sn−1 , . . . , S1 formulated due
to the higher priority tasks τn , τn−1 , . . . , τ1 and (b) when τn is
schedulable at any point(s) in that set, then it is to be concluded
that Γ is feasible based on Eq. (6). Consequently, checking the
schedulability of other tasks τn−1 , τn−2 , . . . , τ1 is deemed useless.
Theorem 1. A task set Γ is always RM-feasible if the lowest 
priority
task τn is schedulable at some point t ∈ z such that z =
Si ̸=
φ, ∀i, 1 ≤ i ≤ n.
Proof. Because z ̸= φ , we can conclude that there exists at least
one scheduling point that is common in all of the RM scheduling
point sets. Let x be the common scheduling point. That is to say
that the schedulability of every task τi has to be tested at x, with
HPF approach. We know from previous discussion that a task τn is
schedulable when
Wn (x) =


n 

x
j =1

pj

cj ≤ x.

(10)

The aforementioned is due to the fact that Wn (x) ≥ Wn−1 (x) ≥
· · · ≥ W1 (x). Therefore, if Eq. (10) holds, then Wi (x) ≤ x must
also hold for i = n − 1, n − 2, . . . , 1. In other words, if x is a
feasible point for τn , then x also must be a feasible point for τn−1 ,
τn−2 , . . . , τn−(n−1) . Therefore, the workload presented by any
higher priority task in Ti is also satisfied at point x. This completes
the proof. 
If the aforementioned theorem holds, then the schedulability of
only one task determines the feasibility of Γ . However, if z = φ ,
then the feasibility of Γ is inconclusive. In other words, if z = φ
and τn is feasible, then we have to test the schedulability of lower
priority tasks (in order of decreasing priority). In contrast, irrespective of z, the non-schedulability of τn confirms the RM-infeasibility
of Γ .
Corollary 1. If Li ≤ 1 and z =
Sj ̸= φ, for j = 1, . . . , i, then all
i − 1 higher priority tasks are schedulable



Proof. Follows from Theorem 1.
It can be seen that under the ideal cases, only one task is sufficient to conclude the whole set feasibility. If the test fails for τn ,
then it goes to τn−1 and so on and so forth in descending priority order as mandated in Corollary 1. Therefore, the LPF approach
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analyzes system feasibility much more quickly, as the schedulable
point (the point at which all higher priority tasks are schedulable)
appears quickly and the test determines the feasibility much earlier as compared to the HPF counterpart. Similarly, an infeasible
task is identified much earlier and the remaining higher priority
tasks are skipped in the process. Our proposed technique is documented as Algorithm 1. 
Algorithm 1 LPF with SPT
procedure LPF(Γ )
for all τi ∈ Γ : Γ is in non-increasing priority order do
if (Li ≤ 1) then
τi is schedulable;
end if
if (z ̸= φ) and (t ∈ Si ) and (Li ≤ 1) then
Γ is feasible;
break;
end if
end for
if (L ≤ 1) then
Γ is feasible;
else
Γ is infeasible;
end if
end procedure
As established in the real-time systems literature [5,6], the SPT
based approaches allow real-time system designers to fine-tune
their systems by adjusting the task parameters. Moreover, the formalization of the SPT tests allows the researchers to further investigate the feasibility problem by testing a reduced number of
scheduling points [5,6]. The most appropriate criterion for feasibility test that belongs to SPT based approaches is the number of
scheduling points—the lower the number of scheduling points utilized, the better is the test. Based on the aforementioned discussion, the effectiveness of the proposed tests is compared with the
existing solutions in the subsequent text.
5.2. LPF with fixed point iteration
The fixed point iteration tests are more efficient compared to
the scheduling point tests as discussed in Section 4. The fixed point
iteration tests require a single loop to determine the task feasibility. As far as the fixed-point iteration schemes are concerned, the
RTI approach concludes considerably faster compared to the RTA
approach. Therefore, the RTI approach should be the choice for an
LPF based technique. However, for any τi , the RTI approach needs to
start R0i with Ri−1 —the response time of tasks τi−1 must be known,
which is only possible when the task feasibilities are evaluated in
the descending priority order. Therefore, the RTI approach is inapplicable (at least for our case). As a consequence, we opt for the RTA
approach because its initial guess is the execution demand of the
current task. Taking this guess value is understandable and cannot violate the feasibility result if considered in the ascending priority order. Consequently, the initial value for τi is determined to
i
be R0i =
j=1 cj . With the aforementioned limitation, our solution simply inherits the RTA concept and comparisons with existing tests, such as TDA, HET, RTA, and RTI are made in Section 6.
6. Experimental results and analysis
In this section, we compare our proposed technique with the
existing exact feasibility analysis techniques. The task parameters,
such as computation times ci and task periods pi of an individual task τi are obtained with the standard practices in real-time

)
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systems [5,6]. We implicitly assume that the task deadlines are
in agreement with the task periods. For the task periods, we generate random values within the range of 100–100 000 with uniform distribution. For the corresponding ci of task τi , random values
are taken from the range of uniformly distributed values of [1, pi ].
The RM policy is adapted for assigning priorities to the individual
tasks. We evaluate the performance based on three established criteria [5,6,12]: (a) the number of RM scheduling points used, (b) the
number of inner-most loops executed, and (c) the actual run times.
Criterion (a) is used for comparing the test in the SPT class, criterion (b) is used for measuring the performance of tests in the RTT
class, and (c) is used for comparing the fastest solutions existing in
literature, namely, RTA/RTI. Because we are focusing on finding the
infeasibility of a given task set, we keep ln(2) ≤ U (n) ≤ 1.
It is an established fact that a task system with U (n) ≤ ln(2)
is always feasible and it can be easily determined
with simple
n
feasibility tests, such as U (n) ≤ ln(2) [22] or i=1 (ui + 1) ≤ 2 [15].
On the other hand, as pointed out in Fig. 1, the lower priority
tasks start missing the deadlines when the system utilization is
increased. For task set generation, the same criteria that is used in
Section 2, is adapted here. According to our task creation criterion,
the tasks start missing the deadlines with higher U (n). Therefore,
we keep the system utilization at 85%, 90%, 95%, and 100% for
evaluating the feasibility tests discussed in the Sections 5.1 and 5.2.
6.1. Number of scheduling points
Here, we demonstrate the effectiveness of the LPF based approach in terms of reducing the number of scheduling points. Because one aspect of the current research is on reducing the number
of scheduling points, the aforementioned becomes an appropriate
criterion to evaluate the performance of a feasibility test lies within
the SPT class. Fig. 2 reports the comparison among the tests (TDA,
HET, and LPF) by counting the number of points that are actually
utilized before the corresponding techniques conclude the system
feasibility. The plots in Fig. 2 were obtained by generating a series
of periodic tasks with varying task set sizes ranging from 5 to 50
with an increment of 5 tasks. Each point within a plot represents
the average value of a total of 2000 runs. The points represent the
average values after 2000 runs while the bars show the standard
deviations. When U (n) = 85%–90%, it is worth mentioning that
the majority of the task sets generated at this utilization remain
feasible. Though ln(2) is a theoretical limit of task system feasibility, it has been reported that the system with utilization less than
or equal to 85% are generally feasible [20]. The system utilization
of (85%) appears the most demanding ones for the LPF based approach because all of the n tasks must be evaluated before a conclusive decision. Because the utilization (85%) is not very high, the
execution demands of the individual tasks are quite descent. This
descent system utilization of an individual task means that the task
τi is feasible within the interval [0, ti ], ti ≪ pi . As a result, fewer
points are needed to be tested for the TDA based approach. However, the LPF based approach encounters a larger set z. Therefore,
the probability of scheduling τn at some point x is quite higher. As a
result, fewer points suffice to determine the system feasibility. As
the system utilization increases, the number of the required test
points also decreases (see Fig. 2(c) and (d)). The aforementioned is
due to the fact that a task τi is infeasible and hence a conclusion is
made early. For the plots, we observe that the HET based approach
reduces the most number of scheduling test points (Hi ⊆ Si ) as
compared to TDA. Both the TDA and LPF based approaches need to
test the system feasibility based on a predefined set that primarily
depends on the task periods as reported in Eq. (5). Moreover, it also
can be observed from Fig. 2 that the maximum number of loops occurs when system utilization is 85%–90% and it is understood as all
of the tasks are deemed feasible within this range. For the LPF based
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Fig. 2. Reduction in average number of scheduling points.

approach, the cumulative effect is high as the algorithm starts in
the reverse order. Therefore, it must test the RM feasibility of more
tasks—up to n in the worst case scenario. Even then, for the RM
schedulability of the systems, there are high chances of getting a
point x ∈ z, such that Wi (x) ≤ x, which makes testing the schedulability of Ti unnecessary. When applied, LPF can avoid such cases
by concluding system infeasibility much early and hence utilizes a
reduced number of scheduling points.
In contrast, the aforementioned situation becomes different at
higher system utilization. It can be observed from Fig. 2(c) and (d)
that the LPF based approach returns the decision on the task feasibility much faster compared to the rest of the techniques. This
benefit in the favor of LPF is due to the fact that the task set infeasibility for all sizes of the task set is determined much early due
to its implicit nature of exploiting reverse priority order. The LPF
becomes more superior when n is large. As discussed above, there
is no rationale in testing the remaining (n − 1) tasks when τn is
identified as RM unschedulable. From the aforementioned discussion, we may also conclude that the LPF based approach is more
effective when applied to a large task set or when the underlying
system utilization is quite high.
6.2. Number of inner-most loops
As mentioned in [5,6], this criterion (enumerating the number
of calls to the inner-most loops) is well suited for comparing
feasibility tests based on response time, such as RTA, RTI, HET
and LPF. These techniques provide solution after a finite number
of iterations [5,6]. Fig. 3 illustrates the results of our second
experiment that compares LPF with: (a) RTA, (b) RTI, and (c) HET
approaches. The point in a plot is an average of 2000 runs while

respective bars reflect standard deviations. The computational
complexity of the tests classified as RTT are (usually) measured
by recording the number of calls to the inner-most loops. Based
on the aforementioned criterion, if a test makes a fewer number
of calls to the inner-most loops, the better the test would be, and
vice versa. The advantage of HET over RTA and RTI is reported in
[5,6]. Recall that the RTA is overshadowed by the performance of
the RTI based approach because of getting higher values as starting
point to determine feasibility. Average values are plotted in Fig. 3,
after 2000 runs. When the utilization is 85% or lower, the LPF based
approach has no clear advantage over the RTI based approach. This
is because the initial guess for the RTI based approach is quite large
as compared to the LPF based approach. However, the lower graph
of LPF as compared to RTA and RTI is that some tasks sets are
infeasible when utilization is 85% or above, and hence LPF skips
testing feasibility of all tasks in those sets. This situation results in
reducing the average values in the loop. Similarly, the infeasible
tasks arrive early when the underlying system utilization is higher
and hence all of the techniques conclude rapidly. The advantage
of the LPF based scheme is clear when the underlying system
utilization is kept higher. The analysis support our theoretical
foundation. Therefore, we conclude that the LPF based approach
is the most efficient one at higher system utilizations as compared
to the rest of the existing state of the art techniques.
6.3. Time analysis of RTT techniques
In this section, we record the actual run times of the feasibility
tests, that we obtained on machines at MIT CSAIL (donated by Intel) with 12-core Intel Xeon X5650 2.67 GHz CPU (12 MB L3-cache)
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(a) U (n) ≤ 85%.

(b) U (n) ≤ 90%.

(c) U (n) ≤ 95%.

(d) U (n) ≤ 100%.
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Fig. 3. Efficiency of LPF test over others in terms of reducing innermost loops.

and 48 GB memory. We compare our work with the RTA, RTI and
HET based approaches. The results reported in Fig. 4 are plotted after 2000 runs for the tasks sets of size 5 to 50 with an increment
of 5. For performance evaluation, we use the same creation as described in the beginning of Section 6. The HET tests begins with
the predetermined set of scheduling points (Hi ⊆ Si ) and only the
actual corresponding run time is extracted in this experiment. For
experimental purposes, to keep the analysis aligned with the discussion made in Sections 6.1 and 6.2, we keep the system utilization in a range that gives us a clear picture under the worst case
scenarios and best case scenarios for our work. By the worst case,
we mean a feasible task set while the best case reflects the situations when the task set is RM infeasible. Observing Fig. 4, initially,
we keep the system utilization as low as 85% so that all of the feasibility tests encounter maximum workload by analyzing the feasibility of all tasks in the set. Under varied system utilization, all
of the tests exhibited similarly behavior when the task set size is
smaller while the trend became more apparent when the task set
is increased in size. In all given scenarios, the effectiveness of LPF
is visible. It can be observed from Fig. 4(a)–(b) that the line associated with LPF technique is on the higher side as compared to
Fig. 4(c)–(d). This trends is due to the fact that at lower system utilization (Fig. 4(a)–(b)) an individual task τi adds a lighter computation demand ci and subsequently, the initial guess value is smaller
as compared to the initial guess that would be made at higher
system utilization (Fig. 4(c)–(d)). Due to this lower initial guess
value, the LPF test has to undergo more iterations before determining the task schedulability. The same is true for the RTA, RTI and
HET based approaches. Therefore, all of these test are faced with
the maximum workload when U (n) ≤ 85%. When the utilization

is further increased then some of the task sets become infeasible
because of the higher CPU demands of individual tasks. This is due
to the fact that the maximum number of tasks are schedulable under such utilization and a few tasks that belongs to the infeasible
task sets portion are low priority tasks. As reflected in Fig. 4, LPF delivers better results in comparison to the other counterparts from
analysis time perspective. The reason for this advantage of LPF is
that the lower priority tasks are more susceptible to deadline miss
than higher priority tasks and LPF starts checking feasibility with
lower priority task. In such situations LPF identifies RM unschedulable task very early and skip the remaining tasks. In contrast, RTA,
RTI and HET need to check the schedulability of a large number of
tasks before they identify an unschedulable task. Similarly, it can
be observed from Fig. 4(c) and (d) that all the tests take less time at
higher utilization. This behavior is because of the existence of more
unschedulable tasks in the task set generated at respective utilizations, which is understood from the existing literature [19]. The RTI
based approach takes the advantage of higher initial guess over the
RTA and LPF based techniques, as the computation demands of all
of the tasks become higher. Therefore, the cumulative effect results
in higher initial values. Due to the higher initial guess, RTI dominates RTA HET and LFP. However, the advantage that LPF exhibits
over HET, RTA and RTI is its ability to determine an unschedulable
task much earlier than other counterparts due to its implicit nature
of investigating the RM feasibility problem from the infeasibility
perspective. This is in agreement with the literature [19] that the
overall system remains infeasible at higher utilization (Table 1) and
hence such utilization favors LPF in determining the system infeasibility after testing only a small number (if any) of tasks. For the
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Fig. 4. Performance dominance of LPF over RTA and RTI on various system utilization.

same infeasible task sets HET, RTA and RTI have to evaluate a considerable number of tasks before they encounter an unschedulable
task and hence LPF dominates them at higher system utilization.

descending priority order. Although the aforementioned situation
(sub case (b)) is very unlikely to occur (please refer to Table 1), the
HPF based approach has no advantage over our proposed strategy
in worst cases (a and b).

6.4. Worst and best cases scenarios for the proposed approach
The LPF approach turns out to be a very powerful but simple
technique for analyzing the infeasibility of a real-time systems under the RM scheduling algorithm. In Section 6, we presented the
results at four utilization levels that shows the supremacy LPF alternative over existing solutions. In addition to the experimentation made above, we discuss the worst and best case scenarios of
the LPF in the following.
6.4.1. Worst case
The worst case scenario for our proposed technique is when Γ is
feasible. Two sub cases may arise, either: (a) the system utilization
is low or (b) all of the tasks are RM schedulable even when the
system utilization is high. For (a), there is no need to perform the
exact analysis, as the feasibility of Γ is answerable with the inexact
tests that have time complexity of O(n). Even then, our system
can skip some tasks as it works in the LPF fashion and if τn is
schedulable and z = φ , then it is very likely that feasibility of τn−1
or any higher priority task τi is true at some instant x ∈ z. With
this approach, testing feasibility of remaining higher priority tasks
is skipped by LPF.
When (b) is encountered, our proposed procedure determines
the feasibility of n tasks in the ascending order. The same type of
procedure is performed with the HPF approach. However, in the

6.4.2. Best case
The best case scenario for our proposed technique is when the
system is infeasible and possesses a higher utilization. This case
is very likely to happen in reality at higher system utilizations as
reported in Table 1. An infeasible task set means that at least one
task τi is infeasible. Recall from Fig. 1 that an infeasible task is generally the lowest priority task that makes the whole task set infeasible. Therefore, determining the infeasibility of Γ with an LPF
based technique means knowing the infeasibility of only a single
task τn and skipping the remaining (n − 1) tasks. This situation becomes more apparent when LPF is tested under higher utilization.
The experimental analysis shows the dominance of LPF approach
over existing counterparts significantly when system utilization is
kept high.
7. Conclusions
In this work, we explored a new dimension for the feasibility
analysis of hard real-time systems under fixed priority scheduling.
The proposed method was based on the observation that the lower
priority tasks were more susceptible to deadline violations. The
lowest priority first approach was tailored for scheduling points
as well as the response time based tests. The experimental results
showed that our proposed technique outperforms existing alternatives in terms of three criteria: the number of scheduling points
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tested, the calls to the inner-most loops, and the actual analysis
time. It was observed that under higher system utilization when
the intuition is that the task set has at least one unschedulable task,
LPF offers better results as compared to tests based on SPT and RTT
solutions. The performance of LPF becomes more dominant when
applied to a real-time system with higher system utilization.
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